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Abstract. Ergodicity for local and nonlocal stochastic singular p-Laplace 
equations is proven, without restriction on the spatial dimension and for all 
p G [1,2). This generalizes previous results from [Gess, Tolle; J. Math. Pures 
Appl., 2014], [Liu, Tolle; Electron. Commun. Probab., 2011], [Liu; J. Evol. 
Equations, 2009]. In particular, the results include the multivalued case of the 
stochastic (nonlocal) total variation flow, which solves an open problem raised 
in [Barbu, Da Prato, Rockner; SIAM J. Math. Anal., 2009]. Moreover, under 
appropriate rescaling, the convergence of the unique invariant measure for the 
nonlocal stochastic p-Laplace equation to the unique invariant measure of the 
local stochastic p-Laplace equation is proven. 


1. Introduction 


We consider stochastic nonlocal singular p-Laplace equations of the type 


(/. 
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and stochastic (local) singular p-Laplace equations of the type 

(1.2) dX t £ div (jVX t \ p - 2 VX t ) dt + BdW t 

X 0 = xq, 


with zero Neumann boundary conditions on bounded, convex domains O C with 
smooth boundary d0 1 mean zero initial conditions Xq £ H := L 2 V (0) andp £ [1,2). 
Here, W is a cylindrical Wiener process on H, B £ ^(-H) is a symmetric Hilbert- 
Schmidt operator and J : lR d -A 1R is a nonnegative, continuous, radial kernel with 
compact support and </(0) > 0. In particular, this includes the multi-valued case 
of the stochastic total variation flow (p = 1) recently studied in [TTJjTS]. We note 
that for p = 1 the equations nu and HU become evolution inclusions. 

Our results are twofold: First, we prove the existence and uniqueness of an invariant 
probability measure to HU and HU- Second, the convergence of the respective 
invariant probability measures for (HU to the invariant probability measure for 
HU is shown, under appropriate rescaling of the kernel J. 

Uniqueness of invariant probability measures to HU has been previously considered 
in EHM- The difficulties arising in proving uniqueness of invariant probability 
measures for HU are due to the singular nature of the drift and the resulting low 
regularity properties of the solutions. More precisely, the energy space associated 
to (11.21) is given by W^ p , which is compactly embedded into L 2 V only if 


(1.3) 


d < 


2 V 

2 -V 


The validity of this embedding is crucial for previously established methods and 
thus HU had to be assumed in all of the works EUHBIIHO], which led to stringent 
restrictions on the spatial dimension d , e.g. d ^ 2 for p k, 1. For the case of 
nonlocal stochastic p-Laplace equations, the situation is even worse, since the energy 
associated to HU is given b£| 

= [ J((-0\u(t,)-u{()\ p d$,d( 

2p Jo Jo 

which is equivalent to the L p norm. Hence, based on this no compactness and thus 
tightness for the laws of the solutions in L 2 V can be expected. These obstacles are 
overcome in the present work, by establishing a cascade of energy inequalities for 
L m norms of the solutions to HU and HU for all to ^ 2. These new estimates 
are then used in order to prove concentration of mass of the solutions around zero, 
which in turn allows the application of results developed in |44] , based on coupling 
techniques. In conclusion, we prove the existence and uniqueness of an invariant 
probability measure for HU and (11.21) without any restriction on the dimension 
d £ IN and for all p £ [1,2). In particular, this solves the open question raised 
in m of uniqueness of invariant measures for the stochastic total variation flow. 
In the second part of this paper, we consider the convergence of invariant probability 
measures under rescaling of the kernel J in HU- More precisely, we consider 


(1.4) dXt = (jf J e (• - 0 |X t e (£) - xt{-)\ p ~\xm - Xt{-))d^j dt + BdWt, 
where p £ (1, 2) ancP 


• 7 ‘(f> = (i) • {«' 


1 


For the sake of notational simplicity we drop normalization constants in the introduction. 
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and prove that the corresponding invariant measures p £ converge weakly* to the 
invariant measure p corresponding to m- Somewhat related questions of con¬ 
vergence of invariant measures of ED with respect to perturbations in p have 
been considered in [f7j[T8], under stringent restrictions on the spatial dimension, 
i.e. assuming (11.31) . Again, such dimensional restrictions are crucial to the ap¬ 
proach developed in mm, since the argument relies on tightness of the respective 
sequence of invariant probability measures p p , which in turn is verified using the 
compactness of the embedding W 1,p L 2 . 

In the setting of local limits for (11.41) for general dimension d , this leads to two fun¬ 
damental problems: First, no concentration of the invariant probability measures 
on some uniform, compactly embedded space can be expected. Second, as observed 
in [32], only weak convergence of the solutions to ed to the solution to ED is 
available, that is, X £ —*■ X t in H for e —> 0. Hence, we do not have the conver¬ 
gence of the associated Markovian semigroups PJF for all F £ Lip b (ff), a crucial 
ingredient in previously developed methods such as in mm- These problems are 
overcome in the present work and we prove that p £ converges to p in the topology 
of weak* convergence of measures on L p v , without any restriction on the spatial 
dimension d. 

We note that, in general, the invariant measures p £ to (11.41) will only be concentrated 
on the domains of the corresponding energy functionals^ 

F e {u) := f / f J £ (C - o MO - u (or <%<%, 

2 V Jo Jo 

rather than on as for (11.21) . Roughly speaking, one has pp £ {u) J ||rt||^i, P - 

In this sense, at least asymptotic concentration on W^ p is still satisfied. This is 
reflected in our proof by working with asymptotic tightness rather than tightness. 
Non-compactness of WA p in is dealt with by considering weak* convergence of 
measures on L p v rather than on L 2 V . However, this leads to the further difficulty of 
working with two topologies: weak* convergence of pF on L p v and weak convergence 
of XJ on L 2 V . These issues are resolved by a careful treatment in Section [5] below. 
For simplicity, we restrict to the case of zero Neumann boundary conditions. In the 
nonlocal form ED the choice of zero Neumann boundary conditions is reflected by 
the choice of the domain of integration as O, rather than, for example, O + supp J. 
Under appropriate rescaling of J it is known (cf. 0) that the solutions to the 
nonlocal deterministic equations, that is ED with B = 0, converge to the solution 
of the local p-Laplace equation with zero Neumann boundary conditions, that is, 
to ed with B = 0. The nonlocal analogue to homogeneous Dirichlet boundary 
conditions involves a penalizing term (cf. [2IE]) which can be viewed as a nonlocal 
analogue of the boundary trace. While we focus on Neumann boundary conditions, 
we expect that the case of Dirichlet boundary conditions can be treated by similar 
methods. 

The case of a degenerate drift, that is, p ^ 2 in ED, ED can be treated by 
rather different and somewhat more simple methods. More precisely, for p ^ 2 
the dissipativity method (cf. e.g. [571 Theorem 3.7]) can be applied to obtain the 
ergodicity and strong mixing property for both ED and ED- Concerning the 
convergence of the invariant measures, in contrast to the singular case p < 2, 
in the degenerate case the embedding WA p L 2 V is always compact. Hence, 
this compactness may be used to deduce (asymptotic) tightness of the invariant 
measures without any restriction on the dimension, thus allowing for a rather direct 
argument similar to the one given in m- 

The problems of existence, uniqueness and stability with respect to parameters 
of invariant measures for SPDE are classical and a review of the available results 
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would exceed the scope of this paper. Thus, we shall restrict to mention some 
exemplary works in this direction and the references therein. A typical approach 
to the uniqueness of invariant measures is given by the Doob-Khasminskii The¬ 
orem [2T1I231I87] and its more recent generalization 35]l36] • In both cases, this 
strategy requires smoothing properties of the associated Markov semigroup and its 
irreducibility, which have been successfully verified for many semilinear SPDE with 
degenerate noise (e.g. [TiSfiB.'-tfilfiSj and the references therein). The route followed in 
this paper is different and relies on a contractivity (e-property) of the Markov semi¬ 
group, rather than on a smoothing property (asymptotic strong Feller property), 
as suggested in the abstract framework of @3] ■ Some details on the relation of the 
asymptotic strong Feller property and the e-property can be found in [HM3E2]- 
We note that this type of argument shows resemblance to arguments used to prove 
ergodicity of stochastic scalar conservation laws umm- Concerning the stability 
of invariant measures for stochastic Navier-Stokes and stochastic Burgers equations 
with respect to parameters we refer to i 45H46[[55] and the references therein. 


A detailed treatment of deterministic nonlocal p-Laplace equations may be found 
in mm and the references therein. Decay estimates and extinction results for 
solutions of deterministic nonlocal p-Laplace equations have been considered e.g. in 
[1311251135144011551156] . Relying on non-degeneracy assumptions on the noise, gradient 
estimates, Harnack inequalities and exponential convergence rates for stochastic 
p-Laplace equations and stochastic porous media equations have been obtained 
in [48l[66l[67| and the references therein. A stochastic variational inequality (SVI) 
approach to stochastic fast diffusion equations has been developed in [50] and their 
ergodicity has been considered in [IMIEMIMIIST]. The case of stochastic 
degenerate p-Laplace equations, that is for p > 2, has been investigated in 0E3 
mHssunziinsHss and ergodicity for stochastic porous media equations has been 
obtained in [g][9l[TD][2nl[34l|43l[471[54^[57l[64l[65]. 


1.1. Structure of the paper. In Section ergodicity for the stochastic nonlocal 
p-Laplace equation is proven. The case of the stochastic local p-Laplace equation 
is treated in Section [3] Convergence of the solutions of the nonlocal stochastic 
p-Laplace equation to its local version is shown in Section [I] The respective con¬ 
vergence of invariant probability measures is shown in Section [5] For notations see 
Appendix [X] 


2. Ergodicity for stochastic nonlocal p-Laplace equations 

In this section we derive a stochastic variational inequality (SVI) formulation for 
stochastic singular nonlocal p-Laplace equations with homogeneous Neumann bound¬ 
ary condition of the type 

(2.1) dX t G J(. - £)\X t (0 - X t (-)\P~ 2 (X t (0 - X t (-))d£) dt + BdWt 
X 0 = x 0 GL 2 (n,X 0 ;Ll v (O)), 

where p € [1,2) and O is a bounded, smooth domain in R d . The kernel J : R d —> R 
is supposed to be a nonnegative, continuous, radial function with compact support, 
J(0) > 0 and f Rd J(z) dz = 1. Furthermore, IT is a cylindrical Wiener process on 
H and B £ L 2 (H) symmetric with H = L 2 V ((D). Hence, 

W t B := BW t 
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is a trace-class Wiener process in H. We further assume that there is an orthonor¬ 
mal basis e*; of H such that 

OO 

(2-2) £ ||Be fc |£, < oo, 

k=1 

cf. e.g. m where similar conditions on B have been used in the case of the stochastic 
total variation flow. For u G L p (0) we set 

t( u ) := it - [ [ J(C~Q\u(0 ~ u(()\ P d£,d( 

2 P Jo Jo 

and obtain, if p > 1, 


A{u ) 


and, if p = 1, 


-d L np{u) = [ J(--£)\u{£)-u(-)\ p 2 (w(0 -«(■)) dt; 
Jo 


A(u ) := — djji.<p{u) 

= {f J (' “£)»?(£>-)d£ : \\v\\l°° < 1, J?(f,C) = and 

^(C — C) e J(c - 0 sgn(u(£) - u(0) for a.e. (£, C) G o x C>|, 

where denotes the L 2 subgradient of ip restricted to L 2 . We note that A 

defines a continuous, monotone operator on H , satisfying 

(2-3) \\A{u)\\ 2 h < 1 + \\u\\ 2 h VugH. 

Hence, we can write m in its relaxed form 

dX t G —dip(X t )dt + BdW t . 

Existence and uniqueness of an SVI solution X = X x ° G L 2 (fl; C([0, T]; L 2 (0))) to 
m has been proven in [33] Section 4] and 

( 2 . 4 ) n^-xnh<\\x-y\\b- 

Since f Q r]d( = 0 for all 77 G A(u), u G iif, from the construction of SVI solutions 
(see [331 Definition 2.1] for the definition) presented in [33] Section 4] it easily 
follows that the average value is preserved, that is, 

(2.5) X t G L 2 v (0) Vf ^ 0, P-a.s. 

if Xq G L 2 (fl; L 2 v (0)). Furthermore, analogously to [32] proof of Proposition 5.2], 
it follows that 

P t F(x) := E F(Xf) for F G B b (H) 

defines a Feller semigroup on As a main result in this Section we obtain 

Theorem 2.1. There is a unique invariant measure fi for P t satisfying \ 

0 G supp (/i) C T(n) 

and 

(2-6) [ p{x)dp{x) < \\B\\ 2 L2{h) . 


We first need to derive suitable a-priori bounds on general L m norms of the solu¬ 
tions. 


2 Cf. Appendix I~Y1 for notation. 
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Lemma 2.2. Let Xq G L™ (O)), to G [2,oo) and let X be the corre¬ 

sponding SVI solution to m- Then there are c = c(m),C = C(m) > 0 such 
that 

(2.7) -E\\X t \Z + cE f \\XXtZZldr ^ -E\\x 0 \\Z+tC Vi > 0. 
m. j q to 

If B = 0 then we can choose C = 0. 


Proof. For notational convenience let 

m :=-i*r 

V 

m --=dm = i£r 2 £, e g R d . 

Step 1: We start by proving that for a; G L m (Ll, Jp; Lff (0)), we have E||X t ||™ m < oo 
for all t ^ 0 . 

We aim to apply Ito’s formula for A || • |j™. To do so, we need to consider appropriate 
approximations. Let 


1 


if M < 1 


^ a ir) “ - 

m 


+ ^r (r- i ) + ^^ i (r-i ) 2 ifr^i 

a m-L \ OL> 2a m V OL ' ^ OL 

+ ^r(r+ i ) + ^%^ 1 (r + i ) 2 if r<-±. 

a m i V o; / 2a m 2 V 1 a > ^ a 


and observe, for a small enough, 

( 2 . 8 ) (0"(r) = = « 


(to — l)|r 

m —1 


v 

< l + t Q (r). 


m “ 2 if |r| < £ 

otherwise. 


Let be a standard Dirac sequence on R d . For v G L 2 [(D) we set® 


»?“(*;) : = [ i a {v)dC 
Jo 

rj a ^(v) := [ i a (9 p *v)df 
JO 

and observe that r) a, P G C 2 (L 2 ) with uniformly continuous derivatives on bounded 
sets. We recall that the SVI solution X to m has been constructed in m Section 
4] as a limit in L 2 (D; C([0, T]; H)) of (strong) solutions X s corresponding to the 
approximating SPDE 

dXf = J(- - £)<)>* [X* (£) - Xf(-))d^j dt + BdW t , 

where ip s is the Moreau-Yosida approximation (cf. e.g. [7]) of if(-) = ■ | p and 

(j) 5 := 8 i/j s . Hence, by Ito’s formula 

(2.9) E r] a ’P(Xf) =Er/ a ’ l3 (xo) + E f f {i a )'{9^ * X s r ){6 0 * A 5 (X s r ))dC,dr 

Jo Jo 

OO />£ * 

+ V E / / (t“)"(00 * X s r ){9^ * Be k ) 2 dfdr. 

k=l 

Using (for a > 0 hxed) 

(F)'(r)<l + |r| 

(t“)"(r) <1 Vr G R, 
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and dominated convergence, we may let —> 0 in (12.91) to obtain that 

(2.10) E V a (Xf) ^Er] a (x 0 ) + E [ [ (L a )'(XS)A s (X?.)d(dr 

Jo Jo 
oo r l r 

+ J2 E (n"(X S r)(Be k ) 2 d(dr. 

fc=l Jo J ° 

We note that using [6) Lemma 6.5], monotonicity of (*,“)' and sgn(</> l5 (a — b )) = 
sgn(a — b) we have that 

[ (n'(v)A s ( V )d( 

JO 

= [ [ j(c-o^mo-«(c woxom 

Jo Jo 

= -\ [ [ Ac- o/mo-«( c))((oxo)-(oxom 

z Jo Jo 

<0, 

for all v £ H. Hence, using (12.81) we observe that 

Eri a {Xf) ^Er] a (x 0 ) + CE [ (1 + r, a (X 5 r ))dr. 

Jo 

Gronwall’s Lemma then implies that 

E V a {Xf) < E V a {x 0 ) + 1 

<Le|M™ + i. 

m 

Hence, taking a —»• 0 and using Fatou’s Lemma we obtain that 

( 2 . 11 ) l E \\x s t \\Z<-E\\x 0 n + l- 

m m 

Taking <5 —>• 0 finishes the proof. 

Step 2: We first note that it is enough to prove (12.71) for x £ L°°(Q, Jo; L™(0)). 
Due to (12.41) the case of x £ Jo; L™(0)) can then be concluded by approxi¬ 

mation and Fatou’s Lemma. Hence, assume x £ L°°(Q, Jo; L™(0)) from now on. 
By step one we have E||X t ||™ < oo for all t ^ 0, m £ N. 

Letting a —» 0 in (12.101) . using dominated convergence and (12.81) . we obtain 

LE||X/[|™<iE||a;oC+E f f (X s J m ~^A s (X s r )d(dr 
m m Jo Jo 

pt p 

+ (m- 1)VE \X s r \ m ~ 2 (Be k ) 2 d(dr. 

k =l Jo Jo 

Using 0 Lemma 6.5] we observe that 

[ (x s r y m -^A s {x s r )d( 

Jo 

= [ [ j(c-e^(^(e-^(0)(^) [m - 1] (CKdc 

Jo Jo 

= [ [ j {C - - ^(C))((^r 4 ) Iro " 1] (0 - (X)?) [m - 1] (CMdC. 

z Jo Jo 

From [2D], for every m G [2, oo) there is a c > 0 such that 

(a - &)(a[ m " 1] - b [m = 1] ) > c|a - 5| m Vo, b £ R. 
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Since sgn (<f> s (a — b)) = sgn(a — b) and (cf. [331 Appendix A]) 

cj) S (a)a > ip S (a) 

^ ctf(a) — C5 

for some c > 0, C > 0 and <5 > 0 small enough, this yields 

<j> s (a - 6)(a [m - 1 l - b^ m -^) ^ c</> s (a - b)(a — 6)|a — b\ m ~ 2 

> cip s (a — b)\a — b\ m ~ 2 

^ c\a - b\ p+m - 2 - C6\a ~ b\ m - 2 Va,6eR. 

Using this and the Poincare type inequality [SJ Proposition 6.19] in combination 
with (12.51) we get 

E [ (X*)l m ~ 1 lA 8 {X$)dC 
Jo 

< -E / I AC- 0(c|*r 4 (0 - x s r (C)\ p+m ~ 2 -C6\X s r (C ) - X 5 r (C)\ m - 2 )dCdC 

Jo Jo 

< -cmx%X2-l + CSE [ [ J(C - C)\x 5 AC) - X 5 r (C)\ m - 2 dCdC 

Jo Jo 

< -cE||X r 5 ||£+^ + C5(E\\X S r \\2 + 1), 

for some c > 0. Now, using (12.21) we obtain that 

OO r. 

E / \Xt\ m - 2 {Be k ) 2 d^e\\xXXZ~-l + Ce, 

k=i J ° 

for all e > 0 and some C e ^ 0. Choosing £, <5 > 0 small enough, we conclude that 
-E\\Xf\\2 ^-ElIxoC-cE f\\X s r \\ItZ'-ldr + Cm /' \\X* r \\™dr + tC. 

m m j 0 j 0 

Letting <5 —>■ 0 concludes the proof. □ 

We next analyze the deterministic situation, i.e. B = 0 in m- Let u be the unique 
SVI solution to 

(2.12) du t €^J J{- - 0K(0 - u t(-)\ P ~ 2 {u t (Q ~ u t (-))d^j dt 
uq = Xo £ H. 

Lemma 2.3. Let mo = 4 —p £ (2, 3], xo £ L™°{0) C H and u be the corresponding 
SVI solution to (12.121) . Then there is a C > 0 such that 

Proof. From Lemma 12.21 we know that 

4-IWC < -Um™ - c/' IKII IXZzldr 

ttiq rrio Jo 

= ^-\\ x o\\2° 0 - c [ \WA\ldr 

I' l 0 J 0 

In particular, t >->• ||u t ||™° is non-increasing. Using that also t >-»• \\u t \\% is non¬ 
increasing yields 

—\Wt\\z: ^—M2: - ct\\ Ut \\i 
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Hence, 


\\ut\\l<j\\xo\\Z- 


□ 


Next we prove concentration on bounded L m ° sets for sufficiently regular initial 
conditions. 

Lemma 2.4. Let e > 0 and x £ L'fff (O) C H with mi = mo + 2 — p £ (2,4], 
mo = 4 — p £ (2, 3]. Then there is an R = R(s) > 0 such that 

0)) > 1-e 

/or all T ^ 1. 

Proof. By Lemma T2.21 we have 

\n x nz\ +cE/ / + c. 


Thus, for T > 1, 


<M®, (0)) = Pr(x, B%° (0 ))dr 




T 


1 - 


E||x/||; 

R 


dr 


= l-~ j\\\ X r\\Zldr 


□ 


Choosing i? large enough yields the claim. 

Lemma 2.5. For each T ^ 0, rj > 0 we have 

inf P( sup \\Xf - v%f H < rj) > 0 
l6B te[o,r] 

for all bounded sets B C H . 

Proof. We consider Y t s := Xl — Wj 3 which satisfies 

±Y t s = A s (Y t 5 + W t B )dt 
Y 0 5 = x 0 . 

Accordingly, let u s be the unique solution to (12.1211 with cj>{z) = \z\ p ~ 2 z replaced 
by <f> s . Then, 

1 d :\\Y t B \\ 2 H = (Y t s ,A s (Y* + W t B )) H 


2 dt 


< \\Y t d \\ 2 H +c\\w t B r H . 


Thus, 

Similarly, 


sup \\Y t 5 \\ 2 H <l + \\x 0 \\ 2 H . 

t€[0,T] 


SU P \\ u t Wh ~ 1 + ll^ollff ■ 

te[o,T] 
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Moreover, 

\j t \\Y? - v *\\h = (Xt 5 ~ 4,A s (Y t s + W B ) - A\u 5 t )) H 

< ~(W t B ,A\Y t s + W B ) - A\u s t )) H 

< \\W B \\ H \\A s (Y t s + W B ) - A\u \)|| ff 
<C||Wf|| ff (||F/|| ff + ||W t B ||H + K 5 ||p) 

|| ff (||*o|k + ||Wi B ||ff + l). 

Since is a trace class Wiener process in H, for each r/ £ (0,1], T > 0 we can 
find a subset Ll v C 11 of positive mass such that sup tg [ 0 T ] ||W t B (o;)||_y < r] for all 
a; £ SI,,. For uj £ we obtain 

~\\Y*-u*\\ 2 H ^Cr,(\\x 0 \\ H + l). 

Choosing 77 > 0 small enough and letting <5 —0 yields the claim. □ 

Lemma 2.6. Let e > 0, x £ L™ 1 (O) with mi as before and 5 > 0. Then 

liminf Qt(x, Bs(0)) > 0. 


Proof. By Lemma T2.4I there is an R > 0 such that 

for all T ^ 1. Moreover, by Lemma [2711 we have 



for all x £ Bff° (0) and thus there is a Tq = T 0 (R, 5) such that 



for all t ^ Tq. Using Lemma ?2. 5 1 we observe 


P To (x,B 6 (0)) = P(\\X£ o \\ h < *) > P(\\X$ 0 -i%J H < \) >7>0 

for some 7 = j(S, To) > 0 and all x £ Bff°( 0). Thus, following an idea from 
we conclude that 

liminf Q T {x, B s { 0)) = liminf ^ [ P s (x, B s {0))ds 

T—tca T-t 00 1 J q 

= liminf P s+To (x, B s (0))ds 
T—>oo T J Q 

= liminf [ P s (x,dz)P To (z, B s (0))ds 

T^oo 1 J Q J H 

^ liminf f P s (x, dz)P To {z, B s (0))ds 

T—too 1 J Q J B ™ 0(q) 

^ 7 lim inf Qt{x, Bff° (0)) 

T—>■ 00 


□ 
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Lemma 2.7. Let X, Y be two SVI solutions to HH) with initial conditions xo,yo £ 
T 2 (fl, To; L™ (O)) respectively. Then, for all m ^ 1, 

\\x t - Y t \\ L m(o) ^ Iko - yoh™( 0 ) P-a.s., Vf ^ 0 . 

In particular, the semigroup Pt satisfies the e-property on H. 

Proof. We have that 

d{Xf - Y*) = (A S (X?) - A s (Y t s ))dt 

and thus t i-A (Xf — Y t s ) £ W 1 , 2 ([0, T\; H). Let t“ be the Moreau-Yosida approxi¬ 
mation of A| • | m and 

rj a (v) := f L a (v)d( 

Jo 

for v £ H. By ECO Lemma IV.4.3] we obtain that 

j f ri a {X S t - Y t s ) = ( 7 “, A 5 (Xf) - A s (Y t 5 )) H , for a.e. t £ [0,T], 

where 7 “ := (t“)'(X t 5 — Y t s ) £ T 2 ([0,T]; ff). Using [BJ Lemma 6 . 6 ] we conclude 
that, P-a.s., 

^(Xf - Y t s ) < 0. 

Letting a —>• 0, then <5 —> 0 concludes the proof. □ 

Proof of Theorem \2.1\ Step 1: Existence and uniqueness of invariant measures 

The proof relies on an application of [HJ Theorem 1], Let x G H and 6 > 0. Then 
we may choose y G with mi as in Lemma liOl such that 



By Lemma 12.71 we then have 

(2.13) \\Xf-Xff H ^ 6 - for all f ^ 0. 

Lemma 12.61 yields 

liminf Qriy, Bs ( 0 )) > 0 . 

T—too 2 

Due to (12.131) we conclude 

(2.14) liminf Qt(x, -BUO)) ^ liminf Qriy, B& ( 0 )) > 0 . 

T->oo T —>00 2 

An application of 1441 Theorem 1] implies that Pt has a unique invariant probability 
measure \i. 

Step 2: We first note that for all x G H such that {Qt{x, -)}t>To is tight for some 
To 0, we have that 

Qt{x, •) —*■* /i for T —>• 00 
by uniqueness of the invariant measure /i. Hence, 

T{p) = |a ; € H : {Qt(x, -)}t>t 0 tight for some T 0 0 j . 

By [HI Proposition 1 ] we have that 

supp fi C T{n). 
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Moreover, using invariance of //, Fatou’s Lemma and (12.141) we note that 
K B s{ 0)) = liminf Q T fx(B s ( 0)) 


T-y c 


= liminf / Bs(0))dfx(x) 

r->oo 

^ / liminf Qt(x, Bs(0))dfj,(x) 


' H 


T—> oo 


> 0 


for all <5 > 0. Hence, 

0 G supp p. 

.Step 5: An application of Ito’s formula yields 

Ell^llp < 2E [\A\X s r ),X s r ) H dr + t\\B\\l 2{H) . 

Jo 

By 0 Lemma 6.5] we have 

2 (A 5 (v),v)h = 

and thus 

j\ s {X s r )dr^\\B\\l 2{HV 

for some c > 0. Since, by [33] Appendix A], 

l/(«)-¥>(«)l ^ Ctf(l + IM&) Vv £ H 

we obtain that 

"E j\(X s r )dr < \\B\\l 2{H) + ^E j\\\X s r \\ 2 H + 1 )dr. 


t 


Letting <5 —>- 0 yields 


E f ip(X r )dr ^ 
Jo 


Since 0 G T(/i) this is easily seen to imply (12.61) . 


□ 


3. ERGODICITY FOR STOCHASTIC LOCAL p-LAPLACE EQUATIONS 

In this section we consider stochastic singular p-Laplace equations with additive 
noise, that is, 

dX t G div (|VA t | p " 2 VA t ) dt + BdW t , 

(3.1) \XX t \ p ~ 2 VX t ■ v 9 0 ondO, t > 0, 

X 0 = x 0 £L 2 (n,T 0 -Ll v (O)), 

with p G [1, 2) on a bounded, smooth domain O C with convex boundary dO. 
In the following we set H := L 2 V ((D) and S := iL^ v (0). Here, IE is a cylindrical 
Wiener process on H and B G L2(H) symmetric with B G L2{H,H^ V ). Hence, 

Wf := BW t 

is a trace-class Wiener process in H^ v C H. As in Section [3 we further assume 
that there is an orthonormal basis e*, of H such that 

OO 

WBekWlo < oo, 

k=1 


(3.2) 
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cf. m where similar conditions on B have been used in the case p = 1. We define, 
for p £ ( 1 , 2 ), 

[Uo |V« if vGW^(O) 

\+oo if V £ LP{0)\ W^iO) 

( II^IItv if vGBV(O) 

'“|+oo if v e L\0)\BV(0). 

in its relaxed form 

dX t £ —d L 2ip{X t )dt + BdW t , 

where denotes the L 2 subgradient of p restricted to L 2 . In [32] Section 7.2.2] 
the existence and uniqueness of a (limit) solution X = X x ° to (13.11) has been proven 
and 

(3.3) Vi>0,P-a.s.. 

Following j32[ Appendix C] it is easy to see that X also is an SVI solution to (13.11) , 
which by [33] Section 3] is unique. From the construction of X it is easy to see that 
the average value is preserved, that is, 

(3.4) X t £ L 2 av (0) Vi 0, P-a.s. 

if xo £ Jq; L 2 v ((D)). Moreover, by [32], Proposition 5.2], 

P t F(x) := EF{Xf) for F £ B b {H) 

defines a Feller semigroup on B b (H). By (13.31) . P t satisfies the e-property on F[. As 
a main result in this section we obtain 

Theorem 3.1. There is a unique invariant measure p for P t , which satisfies 

0 £ supp(/i) C T(/x) 

and 

f p(x)dp(x) < \\B\\l 2{H) . 

J H 

The proof of Theorem 13.II proceeds along the same principal ideas as Theorem 12. II 
However, due to the local nature of (EH) different arguments have to be used in 
order to deduce the cascade of L m inequalities (cf. Lemma 13721 below 1. Once, these 
inequalities have been shown for ED, the proof can be concluded essentially as in 
Section [2] 

Lemma 3.2. Let xq £ m £ [2,oo) and let X be the corre¬ 

sponding SVI solution to EID- Then there is a constant c = c(p, m) > 0 such 
that 

(3.5) -E\\X t \\2 + cE f \\XXtZZldr^-E\\x 0 \\Z + tC Vi ^ 0. 

m j q m 

Proof. Step 1: We start by proving that for x$ £ L m (n,F 0 -,L™(O)) we have 
E\\X t \\™ m < oo for all t ^ 0. 

In the following let ’tf(-) = • | p , </> := dip, if 8 be the Moreau-Yosida approximation 

of if and (f s := dip 8 . Recall that the unique SVI solution X to (12.11) has been 
constructed in [33] Theorem 4.1] as a limit of approximating solutions X e,S ’ n to 

(3.6) dX e t An = sAX t e ’ S ’ n dt + div <f> s ( XX e /' n ) dt + BdW t , 

Y £ ’d,n _ n 

^0 — x 0 5 


ip(v) := 

and for p = 1, 

<p(v) 

Then (13.11) can be recast 
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with zero Neumann boundary conditions, where Xq —> xq in L 2 (fl;H) with Xq € 
L 2 (fl, Jo; Hl v ) and e > 0. From [HI Equation (3.6)] we recall the bound 

(3.7) E sup \\X E ’ 6 ’ n f Hl + 2eE [ \\AX s /’ n \\ 2 2 dr < C(E||^||^ + 1), 

te[o,T] Jo 

with a constant C > 0 independent of e, S and n. In [33] proof of Theorem 3.1] the 
following subsequent convergence has been shown in L 2 (fl; C([0,T]; H)) 

X e,6,n X e,n for $ ^ Q 

(3.8) X e ' n -+X n for £ ^ 0 

X n —> X for n —> oo. 


Let L a ,QP and r] a, P be as in the proof of Lemma l2.2l Then, since X e,s,n is a strong 
solution to (13.611 and by Ito’s formula 

Eri a ’ 0 {X^ S ’ n ) = Eif’P{x 0 ) 

(3.9) + E [ [ (i a )\e p * X e /' n ) (0? * (eAX e /’ n + div0 4 (XX e /’ n ))) d^dr 

Jo Jo 

OO nf, r> 

+ V E / / (t“)"(00 * X e /’ n )(0P * Be k ) 2 d^dr 

k=l Jo Jo 

Using 0 , m and dominated convergence, taking /3 —>• 0 yields 
E [ i a {X s /' n )dti = E f t a (x 0 R 

JO Jo 

(3.10) +E f [ (i a )'{Xp s ' n ){eAX e /' n + div cj)*(VXp 5 ’ n )) d£dr 

Jo Jo 

OO nf p 

+ VE / / (t a )"(Xp S ’ n )(Be k ) 2 d^dr 

k =i Jo 

Since f 0 (c a y(Xp S ’ n )(eAXp S ’ n + div cj) S (VXR n )R < 0, using (l2Al> . this implies 
E f i a {X E /’ n )d^E f L a {x 0 )d£ + CE ( [ 1 + L a (X e /’ n )dxdr. 

Jo Jo Jo Jo 


to Jo 

Hence, by Gronwall’s Lemma 


E [ t a (X e /’ n )d^< e[ i -(x 0 )d^ + l<-E\\x 0 \C + l. 

Jo Jo m 


Taking the limit a —>• 0 yields, by Fatou’s Lemma and using dominated convergence 


(3-11) “ _ E||X t e ’ <5 ’"||™ < —E||x 0 ||™ + 1. 

m m 

Taking the limits £—>•(),£—>-0,n—>-oo subsequently as in the proof of El Theorem 
3.1] finishes the proof of this step by Fatou’s Lemma. 

Step 2: As in the proof of Lemma l^l it is enough to prove ( 13 . 51 ) for Xn € L°°(Cl, JFo\L™(0)). 
Hence, assume xo 6 L°°(Q, Fo] L™(0)) from now on. By step one we have E||Aj||™ < 
oo for all £ ^ 0, m € IN. 
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>o 

^ — E 
m . 


o 


Taking the limit a —>• 0 in (13.101) yields, using dominated convergence and P? 

(EUD, 

-e[ \\X e /' n \\Zd^ 

m J 0 

\\x 0 \\Z + E [ \ (X E ’ 5 ’ n ) [m - 1] (eAX e r ’ S ’ n + divtf (XX e /’ n )) d(dr 

Jo Jo 

+ CE f \\Xp 5 ' n \\2dr + ct. 

Jo 

We observe that, for v £ H 2 with Vv ■ v = 0 on dO, 

[ i;!" 1-1 ! div^) 5 (Vc) c?C = —(m — 1) f \v\ m ~ 2 Vv ■ (j) S (Vv)d(. 

Jo Jo 

Further, note that (since 4> s (0) = 0) 

a ■ (f> S (a) = a ■ dip s (a) 

> i/j s (a ) Va € R d 

and (cf. [33; Appendix A]) 

\ip s (a) — i/j(a)\ < S(1 + ip(a)) Va £ R d . 

This implies 

a ■ (f> S (a) ^ cip(a) — C6. 
and thus, for <5 > 0 small enough, 

[ {X E ' S ' n ) lm - 1] div/ (XX E ’ 5 ’ n ) d( 


= — (m — 

1 ) 

/ \Xp 5 ’ n \' 

n - 2 XX E ’ s ’ n 

■ <j> s (yXp s ’ n ) 


J 

'o 


^ —c(m - 

- 1 ) 

[ \X E ’ S ’ n 

\ m - 2 ip(VX E 

' 5 ’ n )d( + C(m 



Jo 



u £ W&°° 

we 

observe that 




[ i«r 

- 2 ip(Vu)d( = 

- ~ [ M m_2 l 


r£,5,n\m—2 


d(. 


to 


>o 


IO 


P Jo 


IM p Vu| p dC, 


= c f |ViJ p+P ^ \ p d(, 

Jo 

for some generic constant c = c(m,p) > 0. By Poincare’s inequality we obtain that 

[ M m "V(VuK > c [ \u\ p+m ~ 2 dC,. 

Jo Jo 

By smooth approximation, this inequality remains true for all u £ H^ v with u £ 
n m >i L m . Hence, using step one and (I3.4[) we conclude 


E 


[ \X^ n \ m - 2 Jj(XX^ 5 ’ n )dC > cE [ \X E /’ n \ p+m - 2 dC. 

Jo Jo 


Using this above yields that 

r t 


1 

m 


E||A t e ’^C + cE / \\Xp s ^ p XZZldr 
Jo 

^-E\\x 0 \C + CE [ \\X e /’ n \\2dr + Ct + C{m-l)5E[ \X e /’ n \ m ~ 2 dC 
m Jq Jo 







16 ERGODICITY AND LOCAL LIMITS FOR STOCHASTIC P-LAPLACE EQUATIONS 


By step one 

<5E f | X E /' n \ m - 2 d,C -► 0 

Jo 

for d —> 0. In conclusion, by Fatou’s Lemma and (13.811 . 

-E||xni™ + c fnxpxv^-ldr^ -EIM™ + CE f \\X? n \\™dr + Ct. 
m Jo m Jo 

An application of Gronwall’s Lemma and then letting e —>- 0, n —> oo concludes the 
proof. □ 

The proof may now be concluded as in Section [2] For the readers convenience we 
give some details. Let u be the unique solution to 

du t £ div (|VM t | p ~ 2 Vu t ) dt , 

(3.12) |Vu t | p “ 2 Vu t 0 on 80, f > 0, 

u 0 = x 0 & H , 

Lemma 3.3. Let xo £ H and u be the corresponding solution to (13.1211 . Then there 
is a C > 0 such that 

where toq = 4 — p £ (2, 3]. 


Proof. Using Lemma 13.21 the proof is analogous to Lemma 12.31 □ 

Lemma 3.4. Let e > 0 and x £ L mi (U, Jo; L mi (0)) with m\ = mo+ 2— p £ (2,4] , 
mo = 4 — p £ (2, 3]. Then there is an R = R(s) > 0 such that 

Q t (x,B%°( 0)) > 1-e 

for all T 1. 


Proof. Using Lemma 1717121 the proof is analogous to Lemma T2.41 □ 

Lemma 3.5. For each T ^ 0, <5 > 0 we have 

inf P( sup \\Xf-u x t \\ 2 H O) >0 
\te[o,T] J 

for all bounded sets B C H. 

Proof. Follows from [33J Lemma 6.6]. □ 

Lemma 3.6. Let e > 0, x £ L mi (0) with m\ as before and 5 > 0. Then 

liminf Qt(x, Bs(0)) > 0. 

T-foo 

Proof. Same as Lemma \2. 61 □ 


Proof of Theorem 1 3. 11 Same as Theorem 12.11 


□ 
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4. Convergence of solutions: Non-local to local 

In this section we investigate the convergence of the solutions to the stochastic non¬ 
local p-Laplace equation to solutions of the stochastic (local) p-Laplace equation, 
under appropriate rescaling of the kernel J. The convergence of the associated 
unique invariant measures will be considered in Section [5] below. 

In the following let O C lR d be a bounded, smooth domain with convex boundary 
80 and let J : R d -4lRbea nonnegative continuous radial function with compact 
support, J(0) > 0, f Rd J(z)dz = 1 and J(x) ^ J(y) for all |x| < |y|. Further, 
let IF be a cylindrical Wiener process on H and B £ L 2 {H) symmetric with 
B £ L 2 (B, H^ v ). As above, let H := L 2 V (0) and S = H^ v (0). 

For p £ (1,2), e > 0, we consider the rescaled stochastic nonlocal p-Laplace equa¬ 
tions of the type 

(4.1) dX\ = [J J E (- - £)|Af(£) - X t £ (.)r 2 (X t £ (0 - Xf(■))#) dt + BdW t 

X £ 0 =x 0 £L 2 (Q,T 0 -H) 

with 

and corresponding energy 

<P e (w) : = J- [ [ J s {£~0 KO -u(0\ P dCd£, 

Z P Jo Jo 

for u G L p (0), where 

c Jv~l[ J(z)\z d \ p dz. 

2 J-R d 

Furthermore, we set 

^ (u) . = f l P Jo\^\ p d£, Xu£W'*(0), 

y> ' \+oo, if u e L p (0) \ W 1,p {0). 

By [33, Theorem 4.1], for each e > 0, there is a unique SVI solution X e to the 
stochastic nonlocal p-Laplace equation 

(4.2) dX £ = -d L 2 <p e (X £ ) dt + BdW t , 

Xq = 

and, by [331 Theorem 3.1], there is a unique SVI solution to the stochastic (local) 
p-Laplace equation 

(4.3) dX t = -d L 2<p(X t ) dt + BdWt, 

X 0 = xq , 

where d L 2 ip denotes the L 2 subgradient of ip restricted to L 2 . In [33] Section 5] 
weak convergence of X e —^ X in L 2 ([0, T] has been shown. The aim of this 

section is to strengthen this to pointwise in time weak convergence, that is, 

(4.4) X t E —*■ X t weakly in H for all t ^ 0, P-a.s.. 

This will be crucial in order to obtain the convergence of the associated semigroups 
PfF(x) = E F(Xp x ) to PtF(x) = E F{Xf) for cylindrical functions F £ FCl{H). 
The strategy to prove the pointwise weak convergence 63 is based on considering 
the transformed equations (cf. Remark 14.51 below 1 

jYt = ~d L 2p(Y t + W B (u)) = A(Y t + W t B (u)) 


(4.5) 
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and 


(4.6) 


jYf = -d L ^(Y E + W B M) = A E (Yf + W t B (u)) 


and to prove the weak convergence Y t e —^ Y t in H for all t ^ 0 and a.a. ui £ f2. 
The advantage of considering the transformed, random PDE (14.511 and (14.61) is that 
Y E ,Y enjoy better time regularity properties than X e ,X which may be used to 
deduce stronger convergence results. 

Theorem 4.1. Let xq £ L 2 {Ll, J-o; H) and X s , X be the unique solutions to (14.21) . 
(14.31) respectively. Then, for each sequence e n —>• 0, 

Xf n X t for n —>• oo 

weakly in H for all t £ [0, T\, P-a.s.. In particular, 

PfF(x) —»• P t F(x) for e — > 0 
for all F £ FCl(H), t £ [0, T], x£H. 

Motivated by [33] , the general strategy of the proof of Theorem [TT] is based on the 
SVI framework. Hence, we first briefly sketch well-posedness of SVI solutions to 
(14.51) and then proceed with the proof of Theorem 14.11 

Remark 4.2. In this section, we restrict to the case p £ (1,2) for simplicity only. 
The interested reader will notice that the same arguments can be applied in the 
case p = 1 with only minor changes. The only difference is the treatment of the 
nonlocal, transformed random PDE (14.61) . In the case p = 1 well-posedness of SVI 
solutions to (14.61) has to be shown as a first step. This can be done following the 
same arguments as in [33] Section 3]. 

4.1. SVI approach to the transformed equation (14.51) . Let H := Z&(0), 
S = Hl v (0). Without loss of generality we may assume W B (w) £ C([0,T]; H% v ) 
for all w £ fb In analogy to [33J Definition 2.1] we define 

Definition 4.3. Let xq £ H, T > 0. A map Y £ L 2 ([0, T]; H) is said to be an SVI 
solution to (|OD if 

(i) [Regularity] 



(4.7) 


Jo 

for some constants C > 0. 

(ii) [Variational inequality] for each map Z £ W 1,2 ([0, T]; S) we have 



(4.8) 


for a.e. t £ [0, T], where G := -jjfZ. 

If, in addition, Y £ C([0,T\-,H) then Y is said to be a (time-) continuous SVI 
solution to (TT5i 

Proposition 4.4. For each Xq £ H, w £ D there is a unique time-continuous 
SVI solution Y = Y(ui) to (14.51) . The process ( t,ui ) >-»• Yt(uj) is Ft-progressively 
measurable and the constant C = C(w) in (14.71) satisfies C £ L 2 (Vl). 
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Proof. The proof follows the same line of arguments as the proof of [221 Theorem 
3.1]. Hence, in the following we shall restrict to giving some details on required 
modifications of the proof. For notational convenience we set 

1>(z) 

p 

<t>{z) :=di/>(z) 

and let ij) S be the Moreau-Yosida approximation of if, (f s := dif s . In analogy to 
(EH) we consider the three step approximation 
d . 


(4.9) 


_ Y 

dt * 


£,S,n _ 


= say: 


£,<5,71 


div/ (y(Yt 5 ’ n + w t B {oj))) 


Y e < s ' n — T c H 1 
Lq — x n t n av . 


Existence and uniqueness of a variational solution Y e ’ S ’ n to EH follows easily 
from EZ1 Theorem 4.2.4]. Progressive measurability of (t,to) K > Y t e ’ ’ n (co) follows 
as in [221 proof of Theorem 1.1], 

Step 1: The first step consists in proving the existence of a strong solution to EH 
and corresponding (uniform) energy bounds as in ( 13 . 71 ) . We restrict to an informal 
derivation of these estimates, the rigorous justification proceeds as in [221 Theorem 
3.1]. We set IHI^ := ||Vv ||2 for v £ H 1 . Informally, we compute 


s' IK 


£,<5,ni|2 


I H 1 


= -2(eA Y t e ’ s ’ n + div <f> s (v(Y t e ’ S ’ n + W B (uj))^j , A Y t e ’ S ’ n ) H 
= -2e\\AY?’ 5 ’ n \\ 2 H - 2 (div <j) S (v(Y/’*> n + W t B (u)j) , A(Yf’ S ' n + W B (oo))) H 
+ 2(div 4> s (v(Y t eA " +WfH)) ,A W t B (co)) H . 

For v £ H 2 with Vv ■ v = 0 on dO , arguing as in [221 Example 7.11], we obtain that 
-(tqdiv^lVe))^! = -(-Av, div 4> s (\7v)) 2 

= — lim (T n v, div <j { (Vi >))2 


(4.10) 


= — lim (nu — n J n u, div (j> (Vr ))2 

n—^oo 




lim n( f ip s (X7J n u)d{( — [ ip 6 (\7u)dt; 

i^-oo \J 0 J 0 


n—yoo 

^ o 


where T n is the Yosida-approximation and J n the resolvent of the Neumann Lapla- 
cian —A on L 2 . Here, the convexity of O is needed, see [32] for details. We next 
observe that 

2(div <f> s (v(Y t e ’ 6 ’ n + W B (w))) , AW B (u)) H 
= 2^ div / (v(Y/’ 5 ’" + W B (co))) A.Wf (w)d£ 

<C f (l + \V(Y t e ’ s ’ n + W B (u;m\S7AW B (u;M 

Jo 


||VK 


r£,S,n || 2 


11 ^ + 1 + || W t B (u)r H3 ). 


dt. 


Y?' S ' n \\li < -2£||AY/’ 5 ’”||^ + C(||Y t e ’ 5,ri ||^- 1 + 1 + \\W t B (cv)\\ H3 ). 


Hence, 
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By Gronwall’s lemma this implies 

sup \\Y?' s ' n \\% 1+ 2e [ T \\AY r ^ n \\ 2 H dr 
te[o,T] Jo 

(4.11) < C + £ \\W r B (u;)\\ H3 dr + lj 

^ Cdkoll^i + l)i 

which finishes the proof of the required energy bound. 

Step 2: We next derive the variational inequality ( 14 . 81 ) and regularity estimate ( 14 . 71 ) 
for Y e ^’ n . By the chain-rule and since <p s = dip & we have that 


Y -£,S,Tl ry 

t ~ Z t 


= K - ZoWl + 2 Adi v/ (V (Y^’ s,n + W B (co))) + eAY E ’ s ’ n - G r ,Y r s ’ s ’ n - Z r ) H dv 
Jo 

= K - ZoWh + 2 T / <t> S (V(F/’ 5 ’" + W^M)) • (VZ r - VY r ^ n )d^dr 

Jo Jo 

2e f (AYr’ S ’ n , Z r - Y^’ S,n ) H dr - 2 [ (i G r , Y^ n - Z r ) H dr 

Jo Jo 

< K - z o\\h - 2 J* (J ^ (V (Y^ ,s,n + W B (co))) dt + l \\Y r ^ n \\lJj dr 
+ £ 


^ ll x 0 — ^0 

r t 


[ \\ZrW%, dr + 2 f /V (X7(Z r + W b (uj))) d£dr - 2 f (G r , Y r e,s,n - Z r ) H dr, 
Jo Jo Jo Jo 

for all Z £ W 1,2 ([0,T];H) and G := jjjZ. In particular, choosing Z = 0 we obtain 
that 


Y: 


e,5,n 


H 


/0 JO 
\H T C( w) 


2 f [ ip s (V{Y r e ’ S ’ n + W b (uj))) d£ dr 
Jo Jo 

[ f ip 6 (VW b (uj)) dr 
Jo Jo 


with C £ L 2 (Q). 

Step 3: The next step is to take the limit S —> 0, i.e. we estimate 
d 


Y? 


£,Si,n _ -y -£,82 || 2_ 


I H 


dt" * * 

_ 2<r(fcY e ' 8l ' n _ Ay g, ^ 2,n ~y £, ^ 1,n _ V £ )^2,^ 


■y£,Ol,Tl -*/-£,02 ,Tl\ 

J-+ J-t )H 


n _ yr£^ 2 ,n\ 


+ 2(div (j) Sl (s7(Y t e ’ Sl ’ n + W b {uj ))) - div/ 2 (v(Y t e ’ S2 ' n + W?(w)j\ , Y t eM 
< 2(div <f> Sl (v(Y t e,Sl ’ n + W t B (u ))) - div/ 2 (v(F/ >,52 ’ n + W B (u ))) , Y t e ’ Sl ’ n - Y E ’ &2 ’ n ) H . 


Using (31 Appendix A, (A.6)] we conclude that 

d ||T^e,<5i ,n x^e,5 2 ,n m2 

j t \\y t -y t Up 

< C(6i + S 2 )(l + \\Y t e ’ Sl,n \\‘ 2 ^ 1 + WY^Wl, + wwf^wlo- 
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Hence, 

WY^-y^Wl 

<C(5 1 +5 2 )(1+ [ t \\Y r ^ n \\l 1 dr+ [ t \\Y r ^ n \\l 1 dr+ f \\W B (u^dr) 

Jo Jo Jo 

which, using (14.111) . implies convergence of Y E ’ S ’ n in C([0, T]; H) for 5—^0. 

Step 4-' The limits e -A- 0, n —> oo can be justified precisely as in the proof of 02 
Theorem 3.1] and the proof can be concluded as in [33] Theorem 3.1]. Progressive 
measurability of (t,ui) i —> Y t (u>) follows from the respective property of Y e ’ S ’ n . □ 

Remark 4.5. (i) Let X be the unique SVI solution to m and Y be the 

unique SVI solution to (14.51) . Then X = Y + W B , P-a.s.. 

(ii) Let X E be the unique SVI solution to (14.11) and Y e be the unique variational 
solution to (14.51) given by [57] Theorem 4.2.4]. Then X e = Y e + W B , P- 
a.s.. 

Proof, (i): If Y is the unique SVI solution to (14.51) . then X := Y + W B is progres¬ 
sively measurable and taking the expectation in (14.71) yields X £ L 2 ([0, T] x SI; H). 
It is then easy to see that X is an SVI solution to (13.11) . Thus, uniqueness of SVI 
solutions implies X = X, P-a.s.. (ii): Follows by the same proof as (i). In order 
to prove that X E is an SVI solution to dUD see the proof of Theorem 14. II below, in 
particular (14.141) . (14.151) . □ 

4.2. Convergence of solutions. 

Proof of Theorem \4- 1\ Let e n —> 0 and set Y n := Y En , J n = J En . 

Step 1: Weak convergence in L 2 ([0,T]; H) 

By IH2, Theorem 4.2.4] there is a unique variational solution Y n £ C([0,T]; H) to 
m with respect to the trivial Gelfand triple V = H = L 2 . Indeed, it is easy to see 
that A n satisfies the required hemicontinuity and monotonicity on L 2 . Concerning 
coercivity, using 0 Lemma 6.5], we note that 

v-{A n (u),u)v 

(4.12) =~lf f J"(C-00(0 ~«(0) («(0- u(0)dfd( 

z Jo Jo 

= -\ f f ^(c-oKO-«(or^dc 

z Jo Jo 

= -\M p Vn 

<o, 

for all u £ L 2 , where we have set V n := L p Jn D L£ v . Moreover, using 0 Lemma 6.5] 
and Holder’s inequality, we note that 

(A n (u),v) H = [ [ J n ((-oHz)-u(or 2 (u(z)-umv(o-v(o)dtd{ 
Jo Jo 

< ( f jn ( c - o ko - « ( o r % dcj 

(J 0 J 0 jn &-®\ v ®~ v ®\ Pd t d t) 

^IMI^IMk Vu,ueL 2 . 


(4.13) 


P-1 
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It is easy to see that Y n is an SVI solution to (14.61) : Indeed, by the chain-rule we 
have that 

(4.14) 

II Y t n - Z t f H ^ K - Z 0 f H + 2 f <p n (Z r + W r B ) dr-2 [ <p n (Y r n + W r B ) dr 

Jo Jo 

- [ (G r ,Y r n - Z r )dr, 

Jo 

for all Z G W Al ’ 2 ([0,T];U) and G := jj^Z. In particular, choosing Z = 0 we obtain 
that 

lrt + 2 f y n {Y r n +W?) dr ^ \\x 0 \\ 2 H + 2 [\ n (W B )dr . 

Jo Jo 

By 133] p. 24, first equation] we have 

¥>» ^ C\\v\\ Wl , p < C( 1 + |M|^) W G Hi. 

Hence, 

(4.15) P?f ff + 2 [ t ip n (Y r n + W r B )dr<\\xo\\ 2 H + f \\W r B dr + 1 . 

Jo Jo 

and we may extract a subsequence (again denoted by Y n ) such that 

Y n ^Y in L 2 ([0, T}\ H). 


Using the Mosco convergence of ip n —> ip and limsupyj^^ <p n (u) < <p(u) (cf. 031 
Proposition 5.2]) and Mosco convergence of integral functionals (cf. 03] Appendix 
B]), it is easy to see that Y is an SVI solution to (14.51) . Since SVI solutions to (14.51) 
are unique by Proposition 14.41 this implies weak convergence of the whole sequence 
Y n to Y in L 2 ([0,T];H). 

Step 2: By the chain-rule, (14.121) and (14.131) we have that 

\\y t n \\H = Nil* + 2 A A n (Y? + Wl( uj)),Y™) h dr 
Jo 

= \\x 0 f H + 2 [ (A n (Y r n + W r B (cv)),Y r n + W r B (u>)) H dr 
Jo 

- 2 [ (A n (Y™ + W B (u)), W r B (co)) H dr 
Jo 

< Nils-2 r \\Y r n + W r B (u,W Vn dr 
Jo 

+ 2 f \\Y? + W?(u J )r v l\\W r B (u,)\\ Vn dr 

Jo 

f\\Y r n + Wl{u)r Vn dr + C f \\W?{u)r Vn dr. 

Jo Jo 

Hence, using (IA.1I) . 


(4.16) 

sup \\Y t n \\ 2 H 

46[0,T] 



\\Y r n + W r B (u)r Vn dr<\\x 0 f H +C 



\\W r B (co)r m dr. 


We continue with an argument from [28j : Consider the set 


JC:={(Y n ,v) H 


v G W ^ n H, W H V \\v\\ wl , P < 1, n G N} C C([0, T]). 
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By (14.161) . K. is bounded in C([0,T]). Moreover, by (14.131) and (14.161) . 

(Y t n +S - Y t n , v) H = f t + \(Y n )' r , v)h dr 

pt-\-s 

= J ( A n (Y r n + W r B (co)),v) H dr 

<J* + 1|i7‘ + W r B (a;)||^ 1 [|«||v B dr 

^Cs 1 ^ f \\Y? + W?(u>)\\ p v Jr 
Jo 

s? Cs 1/p , 

where we used (ED. Hence, /C is a set of equibounded, equicontinuous functions 
and thus is relatively compact in C([0,T]) by the Arzela-Ascoli theorem. Thus, for 
every v £ W 1,p D H, ||u|| H V ||v|| w i, p ^ 1, there is a subsequence (again denoted 
by Y n ) such that (Y u ,v)h —> g in C([0,T]). Since also ( Y u ,v)h —> (Y,v)h in 
L 2 ([0,T]) by step one, we have g = ( Y,v)h ■ Hence, for each v £ W 1,p D H, the 
whole sequence ( Y u ,v)h converges to ( Y,v)h in C([0,T]). 

For h £ H, e > 0 we can choose v e £ W 1,p D H such that \\h — n E || ^ e. Then 
(Y t n - Y t , h) H = (Y t n —Y t ,h — v e )h + (Y t n - Y t ,v £ ) H 

< II YT ~ Y t \\ H \\h - v e \\ H + (Y t n - Y t ,v e ) H 
^Ce + (Y t n -Y t ,v e ) H - 
Hence, choosing n large enough implies 

(Y t n - Y t , h) H ^ Ce Mn > n 0 (e), 
that is Y t n Y t weakly in H for n —> oo. 

Since Y n = X n — W B , Y = X — W B , P-a.s., this implies weak convergence of X t n 
to X t P-a.s.. 

Step 3: We next prove the convergence of the associated semigroups P t e ,Pt- Let 
F £ TC\ (E) with F = f{l i,..., 4) and let t ^ 0, x £ H. Further let e n —>• 0 and 
set P" := P t e ". Then 

P™F(x) = ¥.F(Xt’ x ) 

= E f(h(X?’ x ),...MX?' n )) 

-+Ef(h(X?),...MXt)) 

= EF(X?) 

= PtF(x ), 

as n —)■ oo, by Lebesgue’s dominated convergence theorem. □ 

5. Convergence of invariant measures: Non-local to local 

By Theorem 12.11 for each e > 0, there exists a unique invariant measure /P to the 
stochastic nonlocal p-Laplace equation (14.21) and by Theorem 13.11 there is a unique 
invariant measure p to the (local) stochastic p-Laplace equation (14.311 . In this 
section we prove weak* convergence of /P to /i in a suitable topology, for p £ (1, 2). 
Several difficulties appear, due to the nonlocal and singular-degenerate nature of 
the SPDE (14.21) . First, we expect tightness of /P on H = P 2 V only under stringent 
dimensional restrictions. Indeed, for the (expected) limit /i we only know fi(W^ p ) = 
1 which, roughly speaking, would lead to assuming that the embedding W^ p c —> L 2 V 
is compact and thus restrict to one spatial dimension, i.e. d = 1, in general. Second, 









24 ERGODICITY AND LOCAL LIMITS FOR STOCHASTIC P-LAPLACE EQUATIONS 


we only have weak convergence X s —^ X in H. Therefore, the convergence of the 
associated semigroups P™F for general F £ Lip b (H) is unclear; a crucial ingredient 
in previously available methods. 

The first problem is overcome in this section by considering weak convergence of p e 
on E = L p v rather than on L\ w . Again, for the limit p we know p(W^ p ) = 1. Hence, 
by compactness of the embedding ^A L p v , p is concentrated on compact sets 
in L p v which suggests that tightness of /A on L p v should hold without restrictions 
on the dimension. Indeed, this is established in Lemma l5ffil below. The resulting 
difficulty of working with two topologies, weak* convergence of p E on L p v versus 
weak convergence of X e on L^ v is solved in Lemma 15.31 The second problem is 
overcome by first considering cylindrical functions on FI. For a cylindrical function 
F, weak convergence Xf —*• X t in iL is enough to deduce P"F -a PtF. It turns 
out that this is sufficient to deduce the weak* convergence p E —>■* p by means of 
a monotone class argument (cf. proof of Theorem 15.11) . The main result of this 
section is 

Theorem 5.1. Let /A be the unique invariant measure to CE2D and /i be the unique 
invariant measure to (USD . Then /A — ^* p for e -A 0 weakly* in the set of probability 
measures on L P V ((D), that is, for each bounded, Lipschitz continuous function F on 
L p v (0) we have p E (F) -A p(F) for e —» 0. 


5.1. Asymptotic invariance. In this section we provide a general result on the 
convergence of invariant measures for convergent semigroups. Compared to pre¬ 
vious results |18| the main novelty here is to work with two distinct topologies 
corresponding to the convergence of the invariant measures on the one hand and 
to the convergence of the semigroups on the other hand. 


Definition 5.2. Let E be a Banach space, Q C Bb(E) be a set of bounded, mea¬ 
surable functions on E and Pt be a semigroup on E. Then, a probability measure 
p on E is said to be (y-invariant if 


P t G dp 



VGe£. 


Lemma 5.3. Let E,H be Banach spaces with F[ °A E dense. Further let Q C 
Lip & (£'), Pf 1 , P t be Feller semigroups on FI and p n be Q-invariant probability mea¬ 
sures for Pfor all n £ N. Suppose that p n —*■* p as probability measures on E, 
the semigroups P™ satisfy a uniform e-property, that is, there exists a C > 0 such 
that for all F £ Lip b (£'), x,y £ E 

I P t n F(x) - P t n F(y)\ < CLip(F) || x - y\\ E Vn S N,i > 0 
and that for every G£Q,t^0, x£H, 


lim P t n G(x ) = P t G{x). 


Then p is Q-invariant, i.e. 


[ PtG dp = f G dp 
J E J E 


for all G £ Q,t ^ 0. 


Proof. For two (Borel) probability measures v\, u 2 on (E, 13(E)), denote by /3 e(pi, P 2 ) 
the bounded Lipschitz distance between them, that is 


/3eOi,u 2 ) := sup 


F d(v 1 - u 2 ) 


F £ Lip & (F), ||P|| B>00 + Lip B (P)<l 


t JE ) 

We have Lip b (F) C Lip b (F{) and by continuous extension we can identify 

{F £Up b (H) : 3C > 0 s.t. ||F(x) - F(y)\\ E < C\\x - y\\ E , Vx, y £ E} = Lip b (F). 
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Accordingly, due to the e-property, P t ra : Lip b (P) -A Lip b (P). Let G G Q, t > 0. 
We have that 



P t Gdp 




/ Gdfi- Pl'Gdur 

)E JE 

f P^G dp, - f P t Gdfi 
IE J E 


P?Gdp n - 


P™G dp 


IE 


By the property of being (/-invariant measures, the first term equals f E G d(p — p n ) 
and hence tends to zero as n —> oo. By the e-property, the second term can be 
bounded as follows (with ||F||b,oo : = su Pa:e-E l^( a; )l) 


Pe(pu,p) \\P t n G\\ 


\\E,oo 


Lip B (P t "G) ^p E (Pn,Po) \\G\\ 


\E,oo ' 


CU Pe (G) 


hence in turn tends to zero as n —» oo by weak convergence of p n to p and Lebesgue’s 
dominated convergence, since (in Polish spaces) the bounded Lipschitz metric gen¬ 
erates the weak topology, see e.g. [63, 1.12, pp. 73/74]. Since p n (H) = 1 and 
p n —we have p(H) = 1. Thus, the third term converges to zero by convergence 
of semigroups and Lebesgue’s dominated convergence theorem. □ 


5.2. Tightness. Below, taking complements of sets refers to the Polish space E, 
that is, we denote A c := E\ A, for any set A C E. 

Definition 5.4. A sequence of probability measures p n on a Polish space E is 
called asymptotically tight , if for each rj > 0 there exists a compact set K v such 
that for each <5 > 0 it holds that 

lim sup p n {{K ^) c ) < 77 , 

n—>• oo 

where K^ D K v is the open ^-enlargement of K v . 

The next result can be found in 113] Theorem 1.3.9]. 

Lemma 5.5. If p n is asymptotically tight, then it is weakly relatively compact. 

Let p e , e > 0 be the unique invariant measure associated to (14.21) . 

Proposition 5.6. Let e n 0 as n —> oo and set p n := p Eri . Then p n is asymp¬ 
totically tight on E := L^ v (0). 

Proof. Let 77 > 0 and C := ||P||i 2 (jj)- Recall ip e ^ Kip for all e G (0,1] for some 
constant K > 0. Then, by Poincare’s inequality, 

K v := jz G : <p(x) < 

is a bounded set in W^ p (0) and hence compact in L^ v (0). For S > 0, let K% be 
the open ^-enlargement of K v in E. Let 

Gn := jx G Lav : <p £n (x) ^ 

for some e n \ 0, n — > 00 . Since ip E < Kip for all e G (0,1], it holds that G n D K v 
for n G IN. 

We claim that for each <5 > 0 there exists an 710 G N such that G n C K^ for all 
n ^ no. We argue by contradiction. If there exists 5o > 0, such that for all n G N 
it holds that G n (jL Kff , then we can find a sequence x n G G n \ K^° such that 
dist£(x n , K v ) ^ Sq for every n. By the definition of G n and [5] Theorem 6.11 (2.)], 
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{a;„} is relatively compact in L p v (0). Hence, there exists a subsequence (denoted 
by {x n }) such that x n —> x in L p v (0) and x £ W^ p (0). By the Mosco convergence 
of p e —> ip on L p (cf. [33] Proposition 5.2]) we obtain that 

2 c 

<p(x) < lim inf tp En (x„) < —, 

n—too Tj 

and thus x £ K v . Hence, 

(5 0 < &\st E (x n ,K v ) ^ ||x - x n \\ L P (0) —>• 0, 

av v > n—too 

the desired contradiction. 

Now, by Theorem 12.11 for each n ^ no(<5), 

Hn{{K S v ) C ) < Hn(G„) J V En (z) H n (dz) 

V 

< 2 <V - 

The proof is completed by taking the limsup as n —>■ oo. □ 


5.3. Proof of Theorem 15.11 We aim to apply Lemma 15.31 with E = L p v (0), 
H = L% v (0). Since p £ (1,2), we have that H C E. Let Q be the space of 
cylindrical functions on E, that is, 

g = ECt(E). 

Let e n —> 0, set p n := p En and let t ^ 0 be arbitrary, fixed. By Proposition 15.61 
/i n is asymptotically tight and thus has a weakly* convergent subsequence (again 
denoted by fj, n ) such that p n —v. The uniform e-property for P” := P t e ” on E 
has been verified in Lemma O and by Theorem ld.il we have 

P™F(x) -A P t F(x) for n —> oo 

for all F £ Q, t ^ 0, x £ H. An application of Lemma [5.31 thus yields that v is 
C/-invariant. 

We show next that this implies that v is an invariant measure for P t . First note that 
g is an algebra (w.r.t. pointwise multiplication) of bounded real-valued functions 
on E that contains the constant functions. By [52l II.3 a), p.54], g separates points 
of E, which by m Theorem 6.8.9] implies that g generates the Borel a-algebra 
B(E). Set 

H :=H(v,t) := { F £ B b (E) : [ P t F dv = [ F dv 

l J E JE 

Clearly, 1 £ H and T~L is closed under monotone convergence by the Markov prop¬ 
erty and Beppo-Levi’s monotone convergence lemma. Further, H is closed un¬ 
der uniform convergence by Lebesgue’s dominated convergence theorem and the 
Markov property. We have already shown g C H. Hence, by the monotone class 
theorem [14j Theorem 2.12.9 (ii)], Bb(E) C K and therefore Bb(E) = TL. Since 
e(H) = 1 this implies that v is an invariant measure for P t . By Theorem 13.11 there 
is a unique invariant measure p for P t . Thus p = v and by uniqueness, the whole 
sequence p, n converges weakly* to (i. 


Appendix A. Notation 


We work with generic constants C ^ 0, c > 0 that are allowed to change value from 
line to line and we write 


A < B 


if there is a constant C ^ 0 such that A ^ CB. For a metric space (E, d ), R > 0, 
x £ E we let Br(x) denote the open ball of radius R in E centered at x. Moreover, 
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we let B(E) denote the Borel sigma algebra and Bb(E) the space of bounded, Borel- 
measurable functions on E. The (d — l)-dimensional unit sphere in R d is denoted 
by S d ~ x . For notational convenience we set 

:= |a| m_1 a for a £ R, m ^ 0 


and 



if £ £ R d \ {0} 
if £ = 0. 


For ro ^ 1 we set L m ((D) to be the usual Lebesgue spaces with norm || • ||x,m and 
we shall often use the shorthand notation L m := L m (0), || ■ || m := || • \\l™(0)- We 
let B r ^(x) be the open ball in L m of radius R > 0 centered at a; £ L m . We further 
define L™ := L™(0) to be the space of all functions in L m with zero average, that 
is, 

L2(0) := {u £ L m (0) : [ vd£ = 0} 

Jo 

and H k v := H k fl L% v , where H k are the usual Sobolev spaces. For a function 
v £ L m (0 ) we define its extension to all of R d by 




v(0 if ^£0 
0 otherwise. 


Let J : R d —» R be a nonnegative, continuous, radial function with compact 
support, J(0) > 0, J md J(z) dz = 1. We then consider the following nonlocal 
averaged Sobolev-type spaces: For e > 0, m > 1, let V E := L™ e (0) be equal to 
L™ (O) with the topology coming from the norm 


I J s 


Cj y m 
2 me d 
Cj,m 
2m 


J 


O Jo 



v(C)-v(g) 

l e ) 

£ 


O J R d 


J(z)l 0 {£, + ez) 


d(d£ 

v(£ + ez) - v{£) 


dz 


where Cj yTn is a normalization constant given by 


CJX--=1 [ J(z)\z d \ m dz. 
Z J-R d 

For notational convenience we set 


By® Proposition 6.25] the norm ||u|| Je is equivalent to ||u|| m . In particular, L™ ( O) 
is a reflexive Banach space for all m £ (1, oo). Moreover, by 16] , 


(A-l) llll Vg = 11*11 J e ^ C|NlvFL m 5 

for some constant C > 0 independent of e > 0. 

We say that a function X £ L 1 ([0,T] x fI; if) is Jr-progressively measurable if 
X1 [M £ L x {B{[{),t])®TuH) for all t > 0. 

Let E be a Banach space. For a Feller semigroup Pt on Bb(E) we define the dual 
semigroup on the space of probability measures Mi(E) on E by 


and the time averages 


Pt^(B) := [ P t l B (x)dfi(x) 
Je 


Qt(x,B) 


1 

T 


P t l B (x)dt, 


VB £ B(E). 


o 
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We further set 

Qth(B) := [ Q T (x,B)dy(x). 

J E 

We say that a probability measure y on E is invariant for P t if P t * y = y for all 

t J? 0. For an invariant probability measure y we define its basin of attraction by 

1 f T 

T(y) := {x G E : Qt(x , •) = — / Pt(x, -)dt —*•* /i for T —> oo} C £\ 

1 J o 

We say that Pt satisfies the e-property if, for some constant C > 0, 

|| P t F{x) - P t F{y)\\ E < CLip(P)||x - y\\ E Vx,y G E, F £ Lip(P). 

For a Banach space E we define the space of cylindrical functions on E by 
FCl{E) := {/(/!,... ,J fc ) : * G IN, Jr,... ,/* € £?*, / € C£(]R fc )}. 

References 

[1] S. Albeverio, A. Debussche, and L. Xu. Exponential Mixing of the 3D Stochastic Navier- 
Stokes Equations Driven by Mildly Degenerate Noises. Appl. Math. Optim., 66(2):273-308, 
2012 . 

[2] F. Andreu, J. M. Mazon, J. D. Rossi, and J. Toledo. A nonlocal p-Laplacian evolution equation 
with Neumann boundary conditions. J. Math. Pures Appl. (9), 90(2):201-227, 2008. 

[3] F. Andreu, J. M. Mazon, J. D. Rossi, and J. Toledo. A nonlocal p-Laplacian evolution equation 
with nonhomogeneous Dirichlet boundary conditions. SIAM J. Math. Anal., 40(5):1815—1851, 
2008/09. 

[4] F. Andreu, J. M. Mazon, J. D. Rossi, and J. Toledo. A nonlocal p-Laplacian evolution equation 
with nonhomogeneous Dirichlet boundary conditions. SIAM J. Math. Anal., 40(5):1815—1851, 
2009. 

[5] F. Andreu, J. M. Mazon, J. D. Rossi, and J. Toledo. Local and nonlocal weighted p-Laplacian 
evolution equations with Neumann boundary conditions. Publ. Mat., 55(l):27-66, 2011. 

[6] F. Andreu-Vaillo, J. M. Mazon, J. D. Rossi, and J. J. Toledo-Melero. Nonlocal diffusion 
problems, volume 165 of Mathematical Surveys and Monographs. American Mathematical 
Society, Providence, RI, 2010. 

[7] V. Barbu. Analysis and control of nonlinear infinite-dimensional systems, volume 190 of 
Mathematics in Science and Engineering. Academic Press Inc., Boston, MA, 1993. 

[8] V. Barbu, V. I. Bogachev, G. Da Prato, and M. Rockner. Weak solutions to the stochastic 
porous media equation via Kolmogorov equations: The degenerate case. J. Fund. Anal., 
237:54-75, 2006. 

[9] V. Barbu and G. Da Prato. Ergodicity for nonlinear stochastic equations in variational for¬ 
mulation. Appl. Math. Optim., 53(2): 121-139, 2006. 

[10] V. Barbu and G. Da Prato. Invariant measures and the Kolmogorov equation for the sto¬ 
chastic fast diffusion equation. Stoch. Processes Appl., 120:1247-1266, 2010. 

[11] V. Barbu, G. Da Prato, and M. Rockner. Stochastic nonlinear diffusion equations with sin¬ 
gular diffusivity. SIAM J. Math. Anal., 41(3):1106-1120, 2009. 

[12] V. Barbu and M. Rckner. Stochastic variational inequalities and applications to the total vari¬ 
ation flow perturbed by linear multiplicative noise. Arch. Ration. Mech. Anal., 209(3):797- 
834, 2013. 

[13] Y. Belaud and J. I. Diaz. Abstract results on the finite extinction time property: application 
to a singular parabolic equation. J. Convex Anal., 17(3-4):827-860, 2010. 

[14] V. Bogachev. Measure Theory, volume 1. Springer, 2007. 

[15] A. Boritchev. Multidimensional potential Burgers turbulence. Comm. Math. Phys., 
342(2):441-489, 2016. 

[16] H. Brezis. How to recognize constant functions. Connections with Sobolev spaces. Uspekhi 
Mat. Nauk, translated in Russian Math. Surveys, 57(4(346)):59-74, 2002. Volume in honor 
of M. Vishik. 

[17] I. Ciotir and J. M. Tolle. Convergence of invariant measures for singular stochastic diffusion 
equations. Stoch. Proc. Appl., 122(4): 1998-2017, 2012. 

[18] I. Ciotir and J. M. Tolle. Corrigendum to ‘Convergence of invariant measures for singular 
stochastic diffusion equations’ [Stoch. Proc. Appl. 122 (2012) 1998-2017]. Stoch. Proc. Appl., 
123(3): 1178-1181, 2013. 


ERGODICITY AND LOCAL LIMITS FOR STOCHASTIC p-LAPLACE EQUATIONS 


29 


[19] G. Da Prato and M. Rockner. Invariant measures for a stochastic porous medium equation. In 
Stochastic analysis and related topics in Kyoto, volume 41 of Adv. Stud. Pure Math., pages 
13-29. Math. Soc. Japan, Tokyo, 2004. 

[20] G. Da Prato, M. Rockner, B. L. Rozovskii, and F.-Y. Wang. Strong solutions of stochastic 
generalized porous media equations: existence, uniqueness, and ergodicity. Comm. Partial 
Differential Equations , 31(l-3):277—291, 2006. 

[21] G. Da Prato and J. Zabczyk. Ergodicity for infinite-dimensional systems, volume 229 of 
London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 
1996. 

[22] A. Debussche and J. Vovelle. Scalar conservation laws with stochastic forcing. J. Fund. Anal., 
259(4): 1014-1042, 2010. 

[23] J. L. Doob. Asymptotic properties of Markoff transition prababilities. Trans. Amer. Math. 
Soc., 63:393-421, 1948. 

[24] A. Es-Sarhir and M.-K. von Renesse. Ergodicity of stochastic curve shortening flow in the 
plane. SIAM J. Math. Anal., 44(l):224-244, 2012. 

[25] R. Ferreira and J. D. Rossi. Decay estimates for a nonlocal p-Laplacian evolution problem 
with mixed boundary conditions. Discrete Contin. Dyn. Syst. Ser. A, 35(4): 1469-1478, 2015. 

[26] J. Foldes, N. Glatt-Holtz, G. Richards, and E. Thomann. Ergodic and mixing properties of the 
Boussinesq equations with a degenerate random forcing. J. Fund. Anal., 269(8):2427-2504, 
2015. 

[27] B. Gess. Random Attractors for Degenerate Stochastic Partial Differential Equations. J. 
Dynam. Differential Equations, 25(1): 121-157, 2013. 

[28] B. Gess. Random attractors for stochastic porous media equations perturbed by space-time 
linear multiplicative noise. Ann. Probab., 42(2):818-864, 2014. 

[29] B. Gess, W. Liu, and M. Rockner. Random attractors for a class of stochastic partial differen¬ 
tial equations driven by general additive noise. J. Differential Equations, 251 (4-5): 1225-1253, 
2011 . 

[30] B. Gess and M. Rockner. Singular-degenerate multivalued stochastic fast diffusion equations. 
SIAM J. Math. Anal., 47(5):4058-4090, 2015. 

[31] B. Gess and M. Rockner. Stochastic variational inequalities and regularity for degenerate 
stochastic partial differential equations. Trans. Amer. Math. Soc., in press, pages 1-29, 2016. 
http://dx.doi.org/10.1090/tran/6981 

[32] B. Gess and J. M. Tolle. Multi-valued, singular stochastic evolution inclusions. J. Math. 
Pures Appl., 101(6):789-827, 2014. 

[33] B. Gess and J. M. Tolle. Stability of solutions to stochastic partial differential equations. J. 
Differential Equations, 260(6):4973—5025, 2016. 

[34] B.-l. Guo and G.-l. Zhou. Exponential stability of stochastic generalized porous media equa¬ 
tions with jump. Appl. Math. Mech. (Engl. Ed.), 35(8): 1067-1078, 2014. 

[35] M. Hairer and J. C. Mattingly. Ergodicity of the 2D Navier-Stokes equations with degenerate 
stochastic forcing. Ann. of Math. (2), 164(3):993-1032, 2006. 

[36] M. Hairer and J. C. Mattingly. Spectral gaps in Wasserstein distances and the 2D stochastic 
Navier-Stokes equations. Ann. Probab., 36(6):2050-2091, 2008. 

[37] R. Z. Has’minskff. Ergodic properties of recurrent diffusion processes and stabilization of 
the solution of the Cauchy problem for parabolic equations. Teor. Verojatnost. i Primenen., 
5:196-214, 1960. 

[38] M. A. Herrero and J. L. Vazquez. Asymptotic behaviour of the solutions of a strongly non¬ 
linear parabolic problem. Ann. Fac. Sci. Toulouse Math. (5), 3(2):113-127, 1981. 

[39] L. I. Ignat, D. Pinasco, J. D. Rossi, and A. San Antolin. Decay estimates for nonlinear 
nonlocal diffusion problems in the whole space. J. Anal. Math., 122:375—401, 2014. 

[40] L. I. Ignat and J. D. Rossi. Decay estimates for nonlocal problems via energy methods. J. 
Math. Pures Appl. (9), 92(2):163-187, 2009. 

[41] J. Jaroszewska. The asymptotic strong feller property does not imply the e-property for 
markov-feller semigroups. Preprint, 2013. http://arxiv.org/abs/1308.4967 

[42] R. Kapica, T. Szarek, and M. Sl§czka. On a Unique Ergodicity of Some Markov Processes. 
Potential Anal., 36(4):589-606, 2011. 

[43] J. U. Kim. On the stochastic porous medium equation. J. Differential Equations, 220(1): 163- 
194, 2006. 

[44] T. Komorowski, S. Peszat, and T. Szarek. On ergodicity of some Markov processes. Ann. 
Probab., 38(4): 1401-1443, 2010. 

[45] S. B. Kuksin. The Eulerian limit for 2D statistical hydrodynamics. J. Statist. Phys., 115(1- 
2):469-492, 2004. 

[46] S. B. Kuksin. On Distribution of Energy and Vorticity for Solutions of 2D Navier-Stokes 
Equation with Small Viscosity. Commun. Math. Phys., 284(2):407-424, 2008. 


30 ERGODICITY AND LOCAL LIMITS FOR STOCHASTIC P-LAPLACE EQUATIONS 


[47] W. Liu. Harnack inequality and applications for stochastic evolution equations with monotone 
drifts. J. Evol. Equations, 9(4):747-770, 2009. 

[48] W. Liu. On the stochastic p-Laplace equation. J. Math. Anal. Appl., 360(2):737-751, 2009. 

[49] W. Liu. Ergodicity of transition semigroups for stochastic fast diffusion equations. Front. 
Math. China, 6(3):449-472, 2011. 

[50] W. Liu and J. M. Tolle. Existence and uniqueness of invariant measures for stochastic evolu¬ 
tion equations with weakly dissipative drifts. Electron. Commun. Probab., 16:447-457, 2011. 

[51] W. Liu and F.-Y. Wang. Harnack inequality and strong Feller property for stochastic fast- 
diffusion equations. J. Math. Anal. Appl., 342(1):651-662, 2008. 

[52] Z.-M. Ma and M. Rockner. Introduction to the theory of (non-symmetric) Dirichlet forms. 
Universitext. Springer-Verlag, Berlin-Heidelberg-New York, 1992. 

[53] C. Marinelli and G. Ziglio. Ergodicity for nonlinear stochastic evolution equations with mul¬ 
tiplicative Poisson noise. Dynamics of PDE, 7(l):l-23, 2010. 

[54] S.-X. Ouyang. Harnack inequalities and applications for multivalued stochastic evolution 
equations. IDAQP , 14(2):261-278, 2011. 

[55] M. M. Porzio. On decay estimates. J. Evol. Equ., 9(3):561-591, 2009. 

[56] M. M. Porzio. Existence, uniqueness and behavior of solutions for a class of nonlinear para¬ 
bolic problems. Nonlinear Anal., 74(16):5359-5382, 2011. 

[57] C. Prevot and M. Rockner. A concise course on stochastic partial differential equations, 
volume 1905 of Lecture Notes in Mathematics. Springer, Berlin, 2007. 

[58] M. Romito and L. Xu. Ergodicity of the 3D stochastic Navier-Stokes equations driven by 
mildly degenerate noise. Stoch. Proc. Appl., 121(4):673-700, 2011. 

[59] A. Shirikyan. Qualitative properties of stationary measures for three-dimensional Navier- 
Stokes equations. J. Functional Anal., 249(2):284-306, 2007. 

[60] A. Shirikyan. Mixing for the burgers equation driven by a localised two-dimensional stochastic 
forcing. Preprint, 2016. http://arxiv.org/abs/1606.07763 

[61] R. E. Showalter. Monotone operators in Banach space and nonlinear partial differential 
equations, volume 49 of Mathematical Surveys and Monographs. American Mathematical 
Society, Providence, RI, 1997. 

[62] T. Szarek and D. T. H. Worm. Ergodic measures of Markov semigroups with the e-property. 
Ergodic Theory Dynam. Systems, 32(3): 1117-1135, 2012. 

[63] A. van der Vaart and J. Wellner. Weak convergence and empirical processes. Springer Series 
in Statistics. Springer, 1996. 

[64] F.-Y. Wang. Harnack inequalities and applications for multivalued stochastic evolution equa¬ 
tions. Ann. Probab., 35(4):1333-1350, 2007. 

[65] F.-Y. Wang. Harnack inequalities for stochastic partial differential equations. Springer Briefs 
in Mathematics. Springer, New York, 2013. 

[66] F.-Y. Wang. Asymptotic couplings by reflection and applications for nonlinear monotone 
SPDEs. Nonlinear Anal., 117:169-188, 2015. 

[67] F.-Y. Wang. Exponential convergence of non-linear monotone SPDEs. Discrete Contin. Dyn. 
Syst. Ser. A, 35(ll):5239-5253, 2015. 


